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The effect of diffusion on the behavior of a gas bubble in the field of an acoustic wave and the 
stabili ty of its radial  pulsations is investigated using numer ica l  analysis.  The surrounding 
liquid is assumed to be viscous and incompressible .  

In the investigation of p rocesses  of gas cavitation, propagation of perturbations in a gas- l iquid  me-  
dium, and other p rocesses  of s imi la r  type it is important  to determine the effect of diffusion of the gas 
dissolved in the liquid on the dynamics  of the cavity and its stabili ty in an acoustic field. 

The behavior of a gas bubble in a liquid was investigated in [1] taking account of the molecular  diffu- 
sion of the gas at a constant external  p res su re .  In [2] the solution was general ized to the case of variable 
p re s su re .  In these studies the diffusion equation was solved d is regarding  the convective t e rm introduced 
by the motion of the wall of the bubble. Exper iments  show that this is justified only for ve ry  slow changes 
of the p ressu re  in the liquid [3]. In [4] the diffusion of the gas into the bubble in the field of an acoustic 
wave was determined taking account of the convective t e rm in the diffuse boundary- layer  approximation. 
The problem of diffusion of gas into a spherical  cavity expanding at a constant rate is investigated in [5]. 
The effect of diffusion on the behavior  of a cavitation gas bubble in an acoustic field has been investigated 
also in [6]. In [3-6] the problem is investigated by approximate methods.  In [6], in par t icular ,  a quasi-  
s ta t ionary approach to the diffusion p rocess  is used, the inertial  effects are  taken into considerat ion,  and 
the ordinary  differential equation thus obtained for the bubble radius is integrated numerical ly .  The de- 
pendence R(t) given in [6] agrees  qualitatively with the resul ts  of the present  art icle in the resonance case. 

In the present  ar t ic le  the evolution of the radius of a cavitation bubble and the stability of its radial  
pulsations are  investigated using numer ica l  integration and taking diffusion into considerat ion for  different 
amplitudes and frequencies of the external  acoustic field. The equation of nonstat ionary convective diffusion 
is considered:  
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Fig. 1. The dependence of the radius 
of cavitation bubble R on the t ime t 
in the resonance  case ,  

Oc _:_ RP, Oc ( a~c 2 oc ) 
a~- -~ r ~ -  O~-= D - Or 2 q.--~- ~ -  . (1) 

The change of the bubble radius R(t) is descr ibed by Nolt-  
i n g -  Neppiras equation 

2a _~_ = 0. RR + 3/2 R~ q- I/9 Po - -  P,~ sin o~t - -  pg-[- (2) 

The gas p res su re  pg is determined from the condition of 
equality of the mass  flux ac ros s  the boundary of the cavity. Ac-  
cording to F ick ' s  law the mass  flux into the bubble per  unit time 
is 

dm = 4~R~ D (-Oc ~ . (3) 
dt \ Or J ,=R 
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Fig.  2. Dependence of pg and 1~ on t ime  t. 

The m a s s  of the gas  in the bubble mg is de te rmined  
f rom the formula  

mg= 4/3 ~R3pg (R). (4) 

Using the equation of s ta te  fo r  the gas 

pgVg = mg(yBr, 

we obtain the densi ty  of the gas  in the bubble 

pg (R) = mg/Vg = Vpg/BT. (5) 

Subs t i tu t ing  (5) into (4), finding dmg/d t ,  and 
equating it to (3), we obtain the equation for  R(t): 

lJg if-3Z~pg/R 3BTD Oc 

Equations (1), (2), (6) consti tute a closed sys tem.  The 
boundary  and initial conditions a re :  R(0) = R0; i~(0) = 0, 
c (R , t )  = Cs; c( ~o, t) = c(r ,  0) = c i, (r > R). 

Le t  us cons ide r  the s tabi l i ty  of the rad ia l  pu l sa -  
tions of a cavitat ion bubble. F o r  this purpose  we write 
the per tu rbed  values  of the radius  R'(t) of the bubble, 
gas  p r e s s u r e  p'(t) ,  and concentrat ion of the gas  d i s -  
solved in the liquid c ' ( r ,  t) in the fo rm 

R' (0 = R (0 + B (0, (7) 

p'g(t) = pg(t) H- ~1 (t), (8) 

c' (r, 0 = c (r, t )  + ~ (r, t), (9) 

where  ~, 7, ~ a r e ,  r espec t ive ly  ,�9 the per turba t ions  of the radius ,  the gas  p r e s s u r e ,  and the concentrat ion.  

Substituting (7)-(9) into (1), (2), (6) and l inear iz ing With r e spec t  to ~, r/, and ~ we obtain a sy s t em of 
equations for  these  quantit ies:  

O--I q- r ~ r --~- ~ ~ r - - -q-  " 0-7 \ Or S + -~"  ' 

R R 2 R2 ~ = 0. (12) 

Because  of the complexi ty  of Eqs.  (1), (2), (6), (10)-(12) it is v e r y  difficult to find the i r  analyt ical  
solution in the genera l  case ;  the re fo re  they were  studied by numer i ca l  methods .  

In (1) let us pass  onto Lagrangian  coordinates  
t 

y = 13/3 (r 8 - - R S ) ,  x = 1~ I" Rdt. 
0 

Here  # is a posi t ive constant  introduced fo r  the sake of convenience of numer i ca l  ana lys i s .  

In t e r m s  of va r i ab les  y, �9 Eq. (1) becomes  

Oc = Dr~ ( 8 O~c Oc + (13) 

Equation (13) was approximated  by an impl ic i t  t h r e e - l a y e r  f in i te -d i f ference  scheme  of C r a n k - N i c o l -  
son type of the second o r d e r  in both coordina tes .  The a lgebra ic  s y s t e m  of equations fo r  the des i red  grid 
functions was solved by the t r i a l - r u n  method.  The computation was done in the s t r i p  0 -< y -- L and was 
t e rmina ted  on reaching  a p respec i f i ed  value of ~. The computat ions were  s table  for  a lmos t  all re la t ions  
of the s teps  of numer i ca l  integratior/,  which were  chosen a f t e r  a number  of t e s t s  f rom the considera t ion of 
the best  approximat ion  of the di f ference scheme .  Equation (10) fo r  the per turbat ion  of the concentrat ion 
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Fig. 4. Behavior  of the perturbat ion ~(t) of the radial motion of 
cavitation bubble in the resonance (a) and preresonance  (b) cases .  

of the gas dissolved in the liquid was solved in the same way. Equations (2), (6), (11), (12) were integrated 
by the R u n g e -  Kutta method. The charac t  eri  stic f requency r of the bubble was calculated f rom the well-known 
formula  [7]. Resonance (w = w0), p reresonance  (w = 0.2w0), and postresonance (w = 5%) conditions were  con- 
sidered.  Everywhere  the values 1~ = 10 -4 cm,  P0 = 1 atm were used. The amplitude of the external  acous-  
tic field was 0.5 atm in the resonance and preresonance  cases  and 100 atm in the postresonanee case;  the 
value offl was/3 = 10. 

On the basis of the cha rac te r i s t i c s  of the diffusion p rocess  it can be assumed that it r e ta rds  the process  
of evolution of the bubble radius and increases  the minimum radius Rmi a of the bubble in the collapse 
phase. This is due to the fact that diffusion effects the p re s su re  balance at the boundary of the cavity. Dur-  
ing the compress ion  of the bubble the p r e s s u r e  inside it increases .  Under the effect of diffusion p rocesses  
a par t  of the gas inside the bubble c ro s se s  over  into the liquid, which leads to a decrease  of the p ressu re  
in the cavity. Since the radius of the bubble is inverse ly  proport ional  to pg, Rmin increases .  The charac -  
te r i s t ic  dependence of the radius on t is shown in Fig. 1 for the resonance case without considering v i s -  
cosi ty  and surface tension. The dashed line shows the behavior of the radius with diffusion taken into 
considerat ion.  The behavior of pg and R is shown in Fig. 2 for w = ~0. Here and in subsequent f igures the 
dashes show the behavior  of the corresponding quantities with diffusion taken into considerat ion.  

We note that in course  of time the thickness 6 of the diffuse boundary layer  near  the surface of the 
bubble increases ,  attaining its maximum value in the compress ion phase. The dependence of the quantity 
• -- 5/R(t) on t is shown in Fig. 3. Here  for  5 we chose such a distance from the surface of the cavitation 
bubble, at which the concentrat ion reached 50% of its value at  infinity. 

The numer ica l  analysis presented above shows that the diffusion p rocesses  make the radial pulsations 
of the bubble less stable. The instability begins in the expansion phase when the p ressure  inside the bubble 
increases .  The behavior  of the perturbation ~(t) of the radial  motion of the cavitation bubble is shown in 
Fig. 4 for the resonance (Fig. 4a) and pre resonance  (Fig. 4b) cases .  

The above discuss ion elucidates cer tain cha rac te r i s t i c s  of the effect of diffusion on the evolution of gas 
bubbles in thef ie ld  of an acoustic wave. 
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NOTATION 

concentrat ion of dissolved gas ; 
radius of the bubble; 
diffusion coefficient; 
radial coordinate; 
time; 
liquid density; 
charac te r i s t i c  f requency of the bubble; 
frequency of the external  field; 
amplitude of the external  field; 
unperturbed pressure  in the liquid; 
gas p r e s s u r e  in the bubble; . 
coefficient of surface tension; 
coefficient of v i scos i ty  of the liquid; 
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mg is the mass of the gas in the bubble; 
is the molecular weight;  

B is the universal gas constant; 
T is the gas temperature;  
Vg is the volume of  the gas in the bubble; 

is the perturbation of the radius; 
is the perturbation of the pressure;  
is the perturbation of the concentration. 
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